Matrix model and Yukawa couplings on the noncommutative torus by Honda, Masaki
ar
X
iv
:1
90
1.
00
09
5v
3 
 [h
ep
-th
]  
15
 A
pr
 20
19
WU-HEP-19-01
Matrix model and Yukawa couplings
on the noncommutative torus
Masaki Honda
1,∗
1 Department of Physics, Waseda University, Tokyo 169-8555, Japan
Abstract
The IKKT model is proposed as a non-perturbative formulation of superstring theory. We
propose a Dirac operator on the noncommutative torus, which is consistent with the IKKT
model, based on noncommutative geometry. Next, we consider zero-mode equations of the
Dirac operator with magnetic fluxes. We find that zero-mode solutions have the chirality
and the generation structures similar to the commutative case. Moreover, we compute
Yukawa couplings of chiral matter fields.
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1
1 Introduction
Superstring theory is a promising candidate for a unified theory of all forces in nature. Su-
perstring theory is only defined perturbatively and has infinite degenerate vacua. There-
fore, it is said that superstring theory has no predictions for our world, and we need a
more fundamental theory.
Matrix models are proposed as a non-perturbative formulation of superstring theory.
In this paper, we focus on Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT) model [1]. This
model is derived from the matrix regularization of the Green-Schwarz action in the Schild
gauge or large-N reduced model of ten-dimensional (10D) super Yang-Mills (SYM) theory.
In the IKKT model, matter fields and degree of freedom of spacetime are considered
to be embedded in matrices. Several attempts have been made to show it. In Ref. [2], the
authors considered an intersecting flat D-branes system based on the IKKT model. To
analyze the chirality and the generation structures of the system, they used the analogy
of the harmonic oscillator in quantum mechanics. They showed the existence of a chiral
zero-mode which are coming from a string connecting two different D-branes. However,
they considered a simple configuration, e.g., two D-branes are orthogonal. Therefore, they
could not realize multiple chiral zero-modes. In addition, in more general configurations,
we cannot easily find the chiral zero-modes by using the same method because the com-
plicated contribution comes from the mixing term between two D-branes. In Ref. [3],
the authors considered intersecting fuzzy spheres as compact D-branes and realized two
chiral zero-modes. To admit a fuzzy sphere as a classical solution, we must introduce a
new term. However, the origin of such a term is not clear. In either case, it is difficult
to obtain the number of chiral zero-modes that we expect. In Ref. [4], the authors chal-
lenged the realization of three generations by using numerical analysis. By considering
the squashed fuzzy sphere in addition to the fuzzy spheres, they succeeded in realizing
three generations numerically. On the other hand, the authors of Ref. [5], considered a
fuzzy torus with a magnetic flux based on the finite-matrix formulation of gauge theories1.
They computed the index of the overlap Dirac operator on the fuzzy torus by the Monte
Carlo simulations and showed the numerical results that are consistent with the index
1In this paper, we use noncommutative to describe infinite dimensional representations or operator
algebras and fuzzy to describe finite dimensional representations or approximations.
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theorem. In this formulation, the exact relationship with the IKKT model is not clear
because we must introduce the special type of the Dirac operator to obtain the non-trivial
index of the Dirac operator. Moreover, it is still difficult to compute physically important
quantities like Yukawa couplings.
The purposes of this paper are to define a Dirac operator that is consistent with
the IKKT model, to analyze the chirality and the generation structures and to compute
Yukawa couplings of chiral matter fields.
To analyze concretely, we consider the noncommutative (NC) torus as a classical
solution of the IKKT model. It is known that the NC torus as an irrational rotation
ring can be realized in the IKKT model [6]. In addition, we consider the analogy of the
toroidal compactifications of 10D SYM theory. In Ref. [7], the authors considered the
toroidal compactifications of 10D SYM theory with magnetic fluxes. A key concept is
the twisted bundle. The twisted bundle can be interpreted as a compatibility condition
between the periodic boundary conditions on the torus and the gauge transformations.
This compatibility condition implies that the magnetic fluxes are quantized, then the
zero-mode solution of the Dirac equation can have the chirality and the degeneracies. The
authors of Ref. [7] identified these results as the chirality and the generation structures in
the four-dimensional effective theory and computed the Yukawa couplings by computing
the overlap integral over the torus. From the viewpoint of phenomenology in superstring
theory, this result is very important. Therefore, we consider the twisted bundle on the
NC torus.
In the following, we propose a Dirac operator on the NC torus that is consistent
with the IKKT model, and we solve the zero-mode equation of this Dirac operator with
magnetic fluxes. Then, we compute the normalization factors of the zero-mode solutions
and Yukawa couplings of chiral matter fields.
The organization of this paper is as follows. In section 2, we briefly review the IKKT
model and the realization of the NC torus in the IKKT model. In section 3, we review
the basic results of the toroidal compactifications of 10D SYM theory. In section 4, we
introduce differential operators on the NC torus based on noncommutative geometry. In
addition, we propose a Dirac operator that is consistent with the IKKT model. In section
5, we solve the zero-mode equation by using the analogy of the Fourier transformation. In
addition, we compute the normalization factors of the zero-mode solutions and the Yukawa
3
couplings of chiral matter fields. To compute, we define the trace that is consistent with
the gauge transformations and the torus translations. Section 6 contains conclusions and
discussion.
2 IKKT model
2.1 Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT) model
The action of the IKKT model is defined as follows [1],
S = −
1
g2
Tr
(
1
4
[XM , XN ][X
M , XN ] +
1
2
ψ¯ΓM [XM , ψ]
)
, (1)
where XM (M = 0 ∼ 9) is a 10D vector and N × N Hermitian matrix, ψ is a 10D
Majorana-Weyl spinor whose components are N × N matrices and g is a scale factor.
Indices are contracted by the Minkowski metric. On the other hand, we will see that
this action admits an infinite dimensional representation like linear operators in the next
subsection.
The action (1) has some symmetries:
δ(1)XM = iǫ¯1Γ
Mψ, δ(1)ψ =
i
2
ΓMN [XM , XN ]ǫ1, (2)
δ(2)XM = 0, δ(2)ψ = ǫ21N , (3)
δTX
M = cM1N , δTψ = 0, (4)
δGX
M = i[Λ, XM ], δGψ = i[Λ, ψ], (5)
where ǫi (i = 1, 2) is 10D Majorana-Weyl spinor as a Grassmann odd parameter, c
M is
a 10D constant vector, 1N is the N × N identity matrix, and Λ is a N × N Hermitian
matrix.
Eqs. (2) and (3) can be identified N = 2 supersymmetry (SUSY) as follows. If we
consider a linear combination of δ(1) and δ(2) as
δ˜(1) ≡ δ(1) + δ(2), δ˜(2) ≡ i(δ(1) − δ(2)),
then we can obtain
4
[δ˜(i)ǫ , δ˜
(j)
ξ ]X
M = 2iǫ¯ΓMξδij, [δ˜(i)ǫ , δ˜
(j)
ξ ]ψ = 0 (i, j = 1, 2), (6)
where we used eq. (5) and the equation of motion of ψ. If we identify XM as a 10D
spacetime coordinate, eq. (6) is N = 2 on-shell SUSY algebra. In this sense, we often
say that the degree of freedom of spacetime is embedded in matrices. From this, there is
a possibility of analysis for the dynamics of spacetime, e.g., a mechanism of compactifi-
cations.
When ψ = 0, the equation of motion of XM is
[XN , [XM , XN ]] = 0. (7)
The simplest solution is ∀[XM , XN ] = 0. However, we can show that attractive forces act
between the eigenvalues in the one-loop effective potential around this vacuum. Therefore,
they do not spread, and the correspondence with the original theory does not hold. In
this case, we need more conditions on gauge groups [8, 9].
The second simplest, however, an interesting solution is that some commutators are
proportional to the identity matrix, i.e.,
[XM , XN ] = iθMN , (8)
where θMN is a real anti-symmetric matrix with respect to the Lorentz indices. We omit
the identity matrix. When each matrix has a finite size, eq. (8) is a contradiction. We
should interpret eq. (8) as it is satisfied at large matrix size. This is the correspondence
between a function algebra and a matrix algebra in the matrix regularization. On the other
hand, the infinite dimensional representation, which we are interested, strictly respects
eq. (8).
We can also interpret eq. (8) as a D-branes (BPS) configuration as follows. We can
find that the transformation by δ(1) is proportional to the identity matrix and cancel the
transformation by δ(2). Explicitly, if we set ǫ2 = ±
1
2
θMNΓMNǫ1, then
(δ(1) ± δ(2))XM = 0, (δ(1) ± δ(2))ψ = 0.
5
Therefore, the half of N = 2 SUSY is preserved in this background, and the one-loop
effective potential exactly vanishes due to SUSY. It is an advantage of this model that a
many-body system of D-branes can be realized. When we consider two sets of eq. (8),
[XM(1), X
N
(1)] = iθ
MN
(1) , [X
M
(2), X
N
(2)] = iθ
MN
(2) ,
then
XM =
(
XM(1) 0
0 XM(2)
)
(9)
is also a solution of eq. (7). In general, eq. (9) is not a D-branes configuration. However,
some configurations become a D-branes configuration again, e.g., the case of XM(1) = X
M
(2)
is interpreted as two coincident D-branes, and other cases are considered in Ref. [1].
2.2 NC torus in the IKKT model
In this subsection, we briefly review the NC torus in the IKKT model based on Refs.
[6, 10]. A unitary transformation is defined by
XM → UXMU−1, ψ → UψU−1, (10)
where U is a unitary matrix (operator). If the trace in the action (1) has the cyclic
property, this unitary transformation becomes a symmetry of the IKKT model. The
infinitesimal form of eq. (10) corresponds to eq. (5). The authors of Ref. [6] showed that
the NC torus can be realized by this unitary transformation.
We restrict the action (1) to the subspace of (XM , ψ) belonging to the same gauge
class before and after translations in the directions X4 and X5. In other word, we consider
conditions as follows,
U4X
4U−14 = X
4 + 2πR4, U5X
5U−15 = X
5 + 2πR5,
UiX
MU−1i = X
M (i 6=M, i = 4, 5,M = 0 ∼ 9),
UiψU
−1
i = ψ (i = 4, 5), (11)
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where Ri (i = 4, 5) is the scalar matrix (operator) of a real coefficient corresponding to
the periods of the torus. In the following, let us define M = 0 ∼ 9, µ = 0 ∼ 3 and
i = 4 ∼ 9.
We can see that any finite dimensional representations do not satisfy the conditions
(11). However, we can find solutions if we interpret XM and ψ as operators on an infinite
dimensional Hilbert space2.
From eq. (11), we can confirm that U4U5U
−1
4 U
−1
5 commutes with X
M and ψ. There-
fore, we assume (or we may be able to apply Schur’s lemma for countable dimensional cases
[11, 12] because we can also realize U4 and U4 as operators on l
2(R)) that U4U5U
−1
4 U
−1
5
is a scalar operator, i.e.,
U4U5 = e
2πiθU5U4, (12)
where θ is a real parameter. Eq. (12) is the algebra of the NC torus in mathematics. Pre-
cisely, we can restrict θ ∈ [0, 1/2] because of some isomorphisms. Depending on whether
the parameter θ is a rational number or an irrational number, the mathematical structure
differs. In fact, the algebra of the NC torus admits a finite dimensional representation
if θ ∈ Q, and we cannot realize such algebra by the finite dimensional representation if
θ ∈ R\Q. In this paper, we assume θ ∈ R\Q because we are interested in the infinite
dimensional representation of the NC torus. In this sense, XM , ψ, U4 and U5 are no longer
finite dimensional matrices but operators. We use “hat” to indicate that it is an operator
(we omit the identity operator).
In the following, we show a concrete representation of XˆM , Uˆ4 and Uˆ5. Let us start
from a Hilbert space H = L2(R) ⊗ Cm, m ∈ N (m corresponds to Zm in the usual
construction [6, 10, 13]). We can realize Uˆ4 and Uˆ5 as operators on H, i.e.,
Uˆ4 |x : j〉 =
∣∣∣x− n
m
+ θ : j − 1
〉
, Uˆ5 |x : j〉 = exp
[
−2πi
(
x−
nj
m
)]
|x : j〉 , (13)
where n is some integer. For simplicity, we assume thatm and n are positive and co-prime
each other (or m = 1 and n = 0). We define Xˆ4 and Xˆ5 as
2In general, the trace on an infinite dimensional Hilbert space does not satisfy the cyclic property (e.g.,
the position operators, the momentum operators and their commutation relations in quantum mechanics).
We will define the trace which is consistent with the gauge transformations (10) and the conditions (11).
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Xˆ4 :=
2πm
n−mθ
R4xˆ⊗ 1m, Xˆ
5 := R5pˆ⊗ 1m, (14)
where 1m is the m × m identity matrix, xˆ and pˆ are the position operator and the mo-
mentum operator on one-dimensional quantum mechanics (where ~=1), respectively. We
can see that θ45 = 2πm
n−mθ
R4R5 and easily confirm that eqs. (11) and (12) are satisfied. In
the following, since the part acting on Cm is the identity matrix, we use the Hilbert space
spanned by {|X4〉 ; Xˆ4 |X4〉 = X4 |X4〉} or {|X5〉 ; Xˆ5 |X5〉 = X5 |X5〉}.
From an analogy of quantum mechanics,
〈
X4
∣∣X5〉 = 1
A
exp
[
i
X4X5
θ45
]
, A = (2π)2R4R5 (the area of the torus), (15)
since the periodicity is realized by the unitary operators Uˆ4 and Uˆ5, and we restrict the
fundamental (or physical) region to 0 ≤ X4 ≤ 2πR4 and 0 ≤ X5 ≤ 2πR53.
3 Toroidal compactifications of 10D SYM theory
In this section, we review the basic results of toroidal compactifications of 10D SYM
theory based on Refs. [7, 14].
3.1 Twisted bundle on the torus
Let us start from U(1) gauge theory on the torus T 2. In this paper, we take a lattice
Λ ≃ Z2 that is generated by v1 = (2πR4, 0) and v2 = (0, 2πR5), and T 2 is defined by
R2/Λ.
A constant magnetic flux is introduced by
A4 = 0, A5 = Fx
4, (16)
then the magnetic flux F45 = F . We use the same gauge choice (axial gauge in Ref. [14])
in section 5.
3Let Hm (m ∈ Z) be a Hilbert space such that the spectrum of the Hermitian operator Xˆ4 lies in the
interval 2pimR4 ≤ X
4 ≤ 2pi(m + 1)R4. In this case, Hm is unitary equivalent to
∀Hn∈Z Therefore, we
interpret the fundamental (or physical) region with respect to the X4-direction is 0 ≤ X4 ≤ 2piR4. We
interpret the X5-direction as well.
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We must confirm that the gauge theory is well-defined on T 2. Obviously, we should
confirm only about x4-direction. The covariant derivatives transform like
D4 → D4, D5 → D5 − 2πiR4F. (17)
If this translation can be absorbed as the gauge symmetry, U(1) gauge theory on T 2 is
well-defined. Actually, we can realize eq. (17) by
Ω4(x
4, x5)D4Ω
−1
4 (x
4, x5) = D4, Ω4(x
4, x4)D5Ω
−1
4 (x
4, x5) = D5 − 2πiR4F,
where Ω4(x
4, x5) = exp[2πiR4Fx
5]. In general, we need to consider another gauge trans-
formation Ω5(x
4, x5) associated with the translation along the x5-direction. In the above
case, Ω5(x
4, x5) = 1. The above concept is called the twisted bundle.
In addition, we must confirm a consistency condition
Ω5(x
4 + 2πR4, x
5)Ω4(x
4, x5) = Ω4(x
4, x5 + 2πR5)Ω5(x
4, x5). (18)
Eq. (18) implies
A
2π
F ∈ Z, (19)
where A = (2π)2R4R5 is the area of the torus. Namely, the magnetic flux on the torus is
quantized.
3.2 Zero-modes of Dirac operator on T 2
We can analytically solve the zero-mode equations of the Dirac operator with the back-
ground gauge field (16). The Dirac operator is defined by
/D =
∑
i=4,5
σiDi =
(
0 ∂4 − i∂5 − Fx
4
∂4 + i∂5 + Fx
4 0
)
,
where σ4 and σ5 are the Pauli matrices σ1 and σ2, respectively. For convenience, we rewrite
the constant magnetic flux as F = 2π
A
Nν, where N is a positive integer and ν = sign(F ).
The zero-mode equation of the Dirac operator is
9
/Dψ = 0.
If ψ is labeled by the eigenvalue of the chirality matrix σ3, i.e.,
ψ =
(
ψ+
ψ−
)
, (20)
the zero-mode equations of each component can be written as
(∂4 + is∂5 + sFx
4)ψs = 0 (s = ±1). (21)
We can easily factorize ψs satisfying eq. (21) as
ψs(x4, x5) = exp
[
−
1
2
sF (x4)2
]
f s(x4 + isx5),
where f s(x4 + isx5) satisfies
f s(x4 + 2πR4 + isx
5) = exp
[
N
R5
sν(x4 + isx5 + πR4)
]
f s(x4 + isx5),
f s
(
x4 + is(x5 + 2πR5)
)
= f s(x4 + isx5). (22)
f s(x4+isx5) is periodic with respect to the x5-direction. Therefore, we can use the Fourier
expansion as
f s(x4 + isx5) =
∑
n∈Z
Csn exp
[
ns
R5
(x4 + isx5)
]
.
From the first condition of eq. (22), the Fourier coefficients satisfy
Csn = exp
[
sπR4
R5
(Nν − 2n)
]
Csn−Nν. (23)
If we decompose n into n = Np+ q (p ∈ Z, q = 0, ..., N − 1), thus we can rewrite eq. (23)
as
10
CsNp+q = exp
[
−
πR4
R5
sν(Np2 + 2pq)
]
Csq .
From the above, f s(x4 + isx5) can be written as
f s(x4 + isx5) =
N−1∑
q=0
Csq
∑
p∈Z
exp
[
−
πR4
R5
sν(Np2 + 2pq)
]
exp
[
s
R5
(Np + q)(x4 + isx5)
]
.
If νs = +1, f s(x4 + isx5) converges. In other words, the sign of the magnetic flux deter-
mines the chirality of the zero-mode solution. In addition, the summation with respect to
q means that there are N -independent zero-mode solutions. In Ref. [7], these results are
interpreted as the chirality and the generation structures in the four-dimensional effective
theory.
Therefore, each degenerated solution of eq. (21) is
ψsq(x
4, x5) = Csq exp
[
−
|F |
2
(x4)2
]∑
p∈Z
exp
[
−
πR4
R5
sν(Np2 + 2pq)
]
exp
[
s
R5
(Np+ q)(x4 + isx5)
]
.
Each Csq is determined by the normalization condition, i.e.,
∫ 2πR4
0
dx4
∫ 2πR5
0
dx5ψs,∗q¯ ψ
s
q = δq¯q. (24)
From eq. (24),
|Csq |
2 · 2πR5 exp
[
2πR4
NR5
q2
]√
π
|F |
= 1. (25)
Eventually,
ψsq(x
4, x5) =
(
2πR5
√
π
|F |
)−1/2
exp
[
−
|F |
2
(x4)2
]
×
∑
p∈Z
exp
[
−
πR4
R5
sν(Np2 + 2pq)
]
exp
[
s
R5
(Np + q)(x4 + isx5)
]
=
(
2πR5
√
π
|F |
)−1/2
exp
[
−
|F |
2
(x4)2
]
ϑ
[
q/N
0
](
sN
2πiR5
(x4 + isx5), i
R4
R5
N
)
,
(26)
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where the function ϑ is the Jacobi theta-function
ϑ
[
a
b
]
(ν, τ) =
∑
p∈Z
exp
[
πi(a + p)2τ + 2πi(a+ p)(ν + b)
]
,
where Imτ > 0.
We can easily generalize the above discussion to non-Abelian, bi-fundamental or higher
dimensional torus.
4 Dirac operator on the NC torus and the IKKT
model
In this section, we introduce differential operators on the NC torus and construct them
from the IKKT model.
4.1 Differential operators on the NC torus
Let A be a C∗-algebra over C and d : A → A be a linear map. d is called a derivation on
A if d satisfies the Leibniz rule, i.e.,
d(ab) = (da)b+ a(db), d(λa) = λ(da),
for all a, b ∈ A, λ ∈ C.
In mathematics, the NC torus is the C∗-algebra generated by Uˆ4 and Uˆ2 satisfying eq.
(12). Therefore, derivations are completely defined by how they act on the two generators.
We define
δ4Uˆ4 =
i
R4
Uˆ4, δ
5Uˆ5 =
i
R5
Uˆ5, δ
4Uˆ5 = δ
5Uˆ4 = 0 (27)
and satisfy the linearity and the Leibniz rule. δi (i = 4, 5) is called the basic derivation.
The factors 1
R4
and 1
R5
come from the definition of the torus, c.f., subsection 3.1. We can
confirm that the basic derivations commute each other.
The Dirac operator on the NC torus is defined by the basic derivations
12
/D := i
∑
i=4,5
σiδ
i,
where σ4 and σ5 are the Pauli matrices σ1 and σ2, respectively.
4.2 Dirac operator on the NC torus based on the IKKT model
In this subsection, we construct the differential operators, which are introduced in the
previous subsection, based on the IKKT model. First, we focus on noncommutative SYM
theory based on the IKKT model [15].
We consider the expansion of the action (1) around the specific background: spacetime
XˆMbg satisfying eq. (8), gauge field Aˆbg,M will be defined in section 5. Namely,
XˆM = XˆMbg + θ
MN(Aˆbg,N + AˆN ). (28)
We refer to Appendix A for the details. A point is that the partial derivatives are defined
as
∂M := −i(θ
−1)MN
[
XˆNbg, ·
]
, (29)
where (θ−1)MN is the inverse matrix of θ
MN . We can confirm that the partial derivatives
satisfy ∂MXˆ
N
bg = δ
N
M . Here, we assume that θ
MN is non-degenerate. In the following, we
identify XˆMbg with eq. (14) (i.e., we mainly focus on the NC torus (M = 0 ∼ 9→ i = 4, 5)),
and we omit the subscription “bg”.
The action of ∂i on the algebra of the NC torus is
∂iUˆj = −i(θ
−1)ik
[
Xˆk, Uˆj
]
= (θ−1)ij · 2πiRjUˆj.
Therefore, the basic derivations on the NC torus based on the IKKT model are defined
as
δi :=
1
2π(Ri)2
θij∂j . (30)
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We can confirm that the basic derivations (30) satisfy eq. (27). In addition, eq. (8) and
the Jacobi identity assures the commutativity of the basic derivations (30).
From the above, we propose a Dirac operator on the NC torus that is consistent with
the IKKT model as follows4,
/Dphys := 2πi
∑
i=4,5
(Ri)
2σiδ
i. (31)
In the fermionic part of the action (1),
/D6 =
9∑
i=4
Γi
[
Xˆi, ·
]
(32)
is identified as a Dirac operator on the extra dimensions, e.g., [17]. As mentioned above,
we focus on the first two extra dimensions that are the NC torus (i.e.,
∑9
i=4 →
∑
i=4,5).
We can verify that eqs. (31) and (32) are equivalent. Namely,
/Dphysψˆ = 2πi
∑
i=4,5
(Ri)
2σiδ
iψˆ
= iσiθ
ij
(
−i(θ−1)jk
[
Xˆk, ψˆ
])
= σi
[
Xˆ i, ψˆ
]
= /D6ψˆ.
Therefore, the operator (31) is a suitable Dirac operator on the NC torus based on the
IKKT model.
The partial derivatives are defined by eq. (29), and the gauge field is introduced by
eq. (28). The covariant derivatives are naturally defined by
∂M → DM := −i(θ
−1)MN
[
XˆNbg + θ
NLAˆL, ·
]
= ∂M − i
[
AˆM , ·
]
. (33)
However, we cannot introduce any fermions ψˆ in a fundamental representation, i.e., ψˆ →
Ωˆψˆ, where Ωˆ is a unitary operator as a gauge transformation. This comes from eq. (10).
4The subscription “phys” means that the Dirac operator (31) has the mass dimension 1. This mass
dimension is the same with the usual Dirac operator in QFT.
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On the other hand, we can introduce fermions in a fundamental representation if we define
the covariant derivatives as
DM := ∂M − iAˆM . (34)
However, the original action (1) does not have the field strength which is defined by the
covariant derivatives (34). Therefore, if we want to consider fermions in a fundamental
representation, we should realize as a part of the action (1). Let us consider, for example,
U(2) gauge theory with an adjoint matter based on the action (1), i.e.,
XˆMU(2) := Xˆ
M
U(1) × 12×2, AˆM =
(
Aˆ11M Aˆ
12
M
Aˆ21M Aˆ
22
M
)
, ψˆ =
(
ψˆ11 ψˆ12
ψˆ21 ψˆ22
)
,
where XˆM(U(1) satisfies
[
XˆM(U(1), Xˆ
N
(U(1)
]
= iθMN . We assume that the gauge group breaks
such that U(2) → U(1) × U(1) → U(1): top left component of Aˆi. If we focus on only
ψˆ12 and ignore other components of Aˆi, then we can derive the action with the fermion
in U(1) fundamental representation.
5 Zero-mode analysis on the magnetized NC torus
5.1 Twisted bundle on the NC torus
To consider the twisted bundle on the NC torus, we introduce a background gauge field
Aˆ4(Xˆ
4, Xˆ5) = 0, Aˆ5(Xˆ
4, Xˆ5) = FXˆ4, (35)
and the field strength is Fˆ45 = F .
The gauge transformation is obtained by
AˆM → Aˆ
′
M = ΩˆAˆM Ωˆ
−1 + iΩˆ∂M Ωˆ
−1,
where Ωˆ is a unitary operator.
The background gauge field is varied by the torus translations (11), i.e.,
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Aˆ4(Xˆ
4 + 2πR4, Xˆ
5) = Aˆ4(Xˆ
4, Xˆ5 + 2πR5) = 0,
Aˆ5(Xˆ
4 + 2πR4, Xˆ
5) = Aˆ5(Xˆ
4, Xˆ5) + 2πR4F ,
Aˆ5(Xˆ
4, Xˆ5 + 2πR5) = Aˆ5(Xˆ
4, Xˆ5). (36)
We can realize eq. (36) as the gauge transformations, i.e.,
Ωˆ4(Xˆ
4, Xˆ5) ∝ exp
[
2πiR4
1 + θ45F
· FXˆ5
]
, Ωˆ5(Xˆ
4, Xˆ5) ∝ 1ˆ, (37)
where ∝ represents an action on Cm part. This part does not affect eq. (36) since the
Cm part of Xˆ4 and Xˆ5 is the identity matrix. Therefore, in the following, we assume this
part is the identity matrix and omit.
Next, we must consider the consistency condition corresponding to eq. (18). Namely,
Ωˆ5(Xˆ
4 + 2πR4, Xˆ
5)Ωˆ4(Xˆ
4, Xˆ5) = Ωˆ4(Xˆ
4, Xˆ5 + 2πR5)Ωˆ5(Xˆ
4, Xˆ5). (38)
Eq. (38) implies that the magnetic flux F is quantized such that
F
1 + θ45F
·
A
2π
= N ∈ Z. (39)
5.2 Zero-modes of the Dirac operator /Dphys
In this subsection, we consider the zero-mode equations of the Dirac operator /Dphys with
the background gauge field (35). In the following, we show the zero-mode solutions in (i)
fundamental representation (ii) bifundamental representation.
• Case (i)
In this case, the zero-mode equation is
/Dphysψˆ = θ
45
(
0 −(∂4 − i∂5 − FXˆ4)
∂4 + i∂5 + FXˆ4 0
)(
ψˆ+
ψˆ−
)
= 0,
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where ψˆs (s = ±1) is in the fundamental representation. Simply,
(∂4 + is∂5 + sFXˆ
4)ψˆs = 0 (s = ±1) (40)
with the periodic boundary conditions
ψˆs(Xˆ4 + 2πR4, Xˆ
5) = exp
[
2πiR4
1 + θ45F
· FXˆ5
]
ψˆs(Xˆ4, Xˆ5)
ψˆs(Xˆ4, Xˆ5 + 2πR5) = ψˆ
s(Xˆ4, Xˆ5)
Although eq. (40) is written by the operators, this equation has the same form with eq.
(21). Therefore, we expect that the zero-mode equation (40) can be constructed from that
of eq. (21). Here, we consider the Fourier transformations. The Fourier transformation
of the whole zero-mode solution of eq. (21) is obtained by
ψs(x4, x5) =
∫
dk
2π
∑
n=|N |p+q∈Z
C exp
[
−
k2
2|F |
−
ikn
R5F
]
exp
[
ikx4
]
exp
[
i
n
R5
x5
]
, (41)
where C is the normalization constant and the magnetic flux F satisfies the quantization
condition (19). We expect that the whole solution of eq. (40) is obtained by
ψˆs(Xˆ4, Xˆ5) =
∫
dk
2π
∑
n=|N |p+q∈Z
C exp
[
−
k2
2|F |
−
ikn
R5F
]
exp
[
ikXˆ4
]
exp
[
i
n
R5
Xˆ5
]
. (42)
However, eq. (42) does not satisfy eq. (40) because the quantization conditions for the
magnetic flux are different.
Here, we focus on that p and q do not appear alone in eq. (41). This fact allows us
to vary the decomposition of the label from n = |N |p + q to n = |N |p+ q. In addition,
we should replace the magnetic flux F with F satisfying (39). Then, we can obtain the
zero-mode solutions5, i.e.,
ψˆs(Xˆ4, Xˆ5) =
∫
dk
2π
∑
n=|N |p+q∈Z
C exp
[
−
k2
2|F|
−
ikn
R5F
]
exp
[
ikXˆ4
]
exp
[
i
n
R5
Xˆ5
]
,
5We can obtain the same result by using the Baker-Campbell-Hausdorff formula.
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or
ψˆsq(Xˆ
4, Xˆ5) =
∫
dk
2π
∑
p∈Z
C exp
[
−
k2
2|F|
−
ik
R5F
(|N |p+ q)
]
exp
[
ikXˆ4
]
exp
[
i
|N |p+ q
R5
Xˆ4
]
,
(43)
where q = 0 ∼ |N | − 1. We can confirm that the above expansions satisfy eq. (40) if
Fs > 0. The normalization constant C will be computed in subsection 5.4.
However, this form is difficult to use when we compute the normalization constant
and Yukawa couplings. Fortunately, we can rewrite by using the Jacobi theta-function
ψˆsq(Xˆ
4, Xˆ5) = C
√
|F|
2π
exp
[
−
|F|
2
(Xˆ4)2
]
ϑ
[
q/N
0
](
s|N |
2πiR5
(Xˆ4 + isXˆ5), i
R4
R5
sN
)
. (44)
If we require sN > 0, eq. (44) can be interpreted as the operator form of eq. (26) up to
the normalization constant. Therefore, in the following, we restrict ourselves to the case
sN > 0.
• Case(ii)
For simplicity, we consider the magnetic flux breaks the gauge group U(2)→ U(1)×U(1),
i.e.,
Aˆ4(Xˆ
4, Xˆ5) = 0, Aˆ5(Xˆ
4, Xˆ5) =
(
F1Xˆ4 0
0 F2Xˆ5
)
,
where Fi (i = 1, 2) satisfies (39).
In this case, we consider a fermion in U(2) adjoint representation,
ψˆ =
(
ψˆ+
ψˆ−
)
, ψˆs =
(
ψˆs11 ψˆ
s
12
ψˆs21 ψˆ
s
22
)
.
The zero-mode equation for each chirality is written as
(∂4 + is∂5)
(
ψˆs11 ψˆ
s
12
ψˆs21 ψˆ
s
22
)
+ s
(
F1[Xˆ4, ψˆs11] F1Xˆ
4ψˆs12 − F2ψˆ
s
12Xˆ
4
F2Xˆ4ψˆs21 −F1ψˆ
s
21Xˆ
4 F2[Xˆ4, ψˆs22]
)
= 0 (s = ±1).
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First, we consider the top right component ψˆs12. Precisely, the zero-mode equation of
ψˆs12 is
(∂4 + is∂5)ψˆ
s
12 + s(F1Xˆ
4ψˆs12 − F2ψˆ
s
12Xˆ
4) = 0 (45)
with the periodic boundary conditions
ψˆs12(Xˆ
4 + 2πR4, Xˆ
5) = exp
[
2πiR4
1 + θ45F1
· F1Xˆ
5
]
ψˆs12(Xˆ
4, Xˆ5) exp
[
−
2πiR4
1 + θ45F2
· F2Xˆ
5
]
ψˆs12(Xˆ
4, Xˆ5 + 2πR5) = ψˆ
s
12(Xˆ
4, Xˆ5)
In the case (i), exp
[
− |F|
2
(Xˆ4)2
]
of eq. (44) corresponds to the term: sFXˆ4 in eq. (40).
From this observation, we can obtain the solutions of eq. (45) as
ψˆs12(Xˆ
4, Xˆ5) =
∫
dk
2π
∑
n=|N12|p+q∈Z
C12 exp
[
−
k2
2|F12|
−
ikn
R5F12
(1 + θ12F2)
]
exp
[
ikXˆ4
]
exp
[
i
n
R5
Xˆ5
]
,
or
ψˆs12,q(Xˆ
1, Xˆ2) = C12
√
|F12|
2π
exp
[
−
s12F1
2
(Xˆ1)2
]
× ϑ
[
q/|N12|
0
](
s|N12|
2πiR5
(Xˆ1 + isXˆ2), i
R4
R5
|N12|
)
exp
[
s12F2
2
(Xˆ1)2
]
(46)
where F12 = F1−F2, s12 = sign(F12), N12 = N1−N2, and we restrict ourselves to s12N12.
We can confirm that eq. (46) satisfies eq. (45) and the periodic boundary conditions if
s12F12 > 0.
Next, we consider the top left component ψˆs11. The zero-mode equation of ψˆ
s
11 is
written as
(∂4 + is∂5)ψˆ
s
11 + sF1[Xˆ
4, ψˆs11] = 0
with the periodic boundary conditions
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ψˆs11(Xˆ
4 + 2πR4, Xˆ
5) = exp
[
2πiR4
1 + θ45F1
· F1Xˆ
5
]
ψˆs11(Xˆ
4, Xˆ5) exp
[
−
2πiR4
1 + θ45F1
· F1Xˆ
5
]
,
ψˆs11(Xˆ
4, Xˆ5 + 2πR5) = ψˆ
s
11(Xˆ
4, Xˆ5). (47)
In this case, the right-hand side of the first condition of (47) corresponds to the shift of
Xˆ4 such that Xˆ4 → Xˆ4+ N1θ
45
R5
. This shift implies F1θ
45
1+θ45F1
= 1, and this is a contradiction.
Therefore, ψˆs11 must be the scalar operator, i.e., ψˆ
s
11 = const.× 1.
Obviously, the above results can be generalized to the magnetic fluxes break the gauge
group U(N)→
∏n
a=1 U(Na), where
∑n
a=1Na = N .
5.3 Eigenvalues of the Laplacian
In the IKKT model,  :=
∑
i[Xˆ
i, [Xˆ i, ·]] (in this paper,  :=
∑
i=4,5[Xˆ
i, [Xˆ i, ·]]) is identi-
fied as the Laplacian (e.g., [2, 3] or eq. (A.6)). The eigenvalue problem of the Laplacian
relates to that of the square of the Dirac operator. Let us rewrite the Dirac operator as
/Dphys =
(
0 −D
D′ 0
)
,
then
/D
2
phys =
(
−DD′ 0
0−D′D
)
= +
(
− (θ
45)2
2
[D,D′] 0
0 − (θ
45)2
2
[D′, D]
)
. (48)
The action of (48) on (1, 2) component of the fermion is written as
/D
2
physψˆ
s
12 = ψˆ
s
12 − s(θ
45)2F12ψˆ
s
12.
From the above, D′ (D) has the zero-mode solutions if F12 > 0 (F12 < 0). Therefore,
we can see that eq. (46) is not only the zero-modes of the Dirac operator but also the
lightest mode of the Laplacian.
In addition, we can construct the eigenmodes of the Laplacian corresponding (1, 2)
component. We focus on the commutation relation of D and D′,
[D,D′]ψˆs12 = 2(θ
45)2F12ψˆ
s
12.
20
If we select F12 > 0,D and−D′ can play roles of the creation operator and the annihilation
operator, respectively. By considering the analogy of the harmonic oscillator, i.e.,
N := −DD′,  = N + (θ45)2F12,
then the eigenmodes of the Laplacian are obtained by
ψˆ+,n12 = λnψˆ
+,n
12 ,
ψˆ+,n12 := D
nψˆ+12, λn = (θ
45)2F12(2n+ 1).
If we select F12 < 0, it is sufficient to reverse the roles of D and D′.
In the commutative case6, the spectrum of the Laplacian is obtained by λn = F12(2n+
1), where Fi (i = 1, 2) is the magnetic flux satisfying (19) (c.f., [7]) and F12 = F1 −F2. It
seems that the spectrum vanishes in the limit θ45 → 0. However, the bosonic part of the
effective action is the fourth order for the NC parameter if we ignore the order included
in the definition of the partial derivatives. Therefore, (θ45)2 of the spectrum is necessary,
but the limit θ45 → 0 is non-trivial.
5.4 Normalizations and Yukawa couplings
• Normalizations
Let us start from the normalization constant of eq. (46) since F2 = 0 corresponds to
the case (i).
1 = Tr
(
ψˆs,†12,q(Xˆ
4, Xˆ5)ψˆs12,q′(Xˆ
4, Xˆ5)
)
:=
∫ 2πR5
0
dX5
〈
X5
∣∣ ψˆs,†12,q(Xˆ4, Xˆ5)ψˆs12,q′(Xˆ4, Xˆ5) ∣∣X5〉
=
1
A
∫ 2πR4
0
dX4
∫ 2πR5
0
dX5ψˆs,†12,q(X
4, X5)ψˆs12,q′(X
4, X5)
= δqq′ |C12|
2R5|F12|
A
· I12(θ
12),
where
6We use commutative in the sense of usual torus T 2, not the case: [XM , XN ] = 0 (for all M,N = 0 ∼
9).
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I12(θ
12) :=
∑
p∈Z
∫ p|N12|p+q
R5F12
(1+θ45F2)−2πR4
p|N12|p+q
R5F12
(1+θ45F2)
exp
[
−|F12|x
2
]
dx
is a function satisfies I12(0) =
√
π/|F12| (the Gaussian integral). Therefore, the normal-
ization constant C12 is
C12 =
(
R5|F12|
A
· I12(θ
12)
)−1/2
.
We should note the definition of the trace on the infinite dimensional space. For
example,
∫ 2πR4
0
dX4
〈
X4
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X4〉 = ∫ 2πR4
0
dX4
∫ 2πR5
0
dX5
〈
X4
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X5〉 〈X5 ∣∣X4〉
=
∫ 2πR4
0
dX4
∫ 2πR5
0
dX5
〈
X5
∣∣X4〉 〈X4∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X5〉
=
∫ 2πR5
0
dX5
〈
X5
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X5〉
= Tr
(
fˆ(Xˆ4, Xˆ5)
)
. (49)
In addition, we should confirm that the trace is well-defined with respect to the compact-
ification conditions (11). In this paper, target operators fˆ are periodic with respect to
the X5-direction. This means
∫ 4πR5
2πR5
dX5
〈
X5
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X5〉 = ∫ 2πR5
0
dX5
〈
X5 + 2πR5
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X5 + 2πR5〉
=
∫ 2πR5
0
dX5
〈
X5
∣∣ Uˆ5fˆ(Xˆ4, Xˆ5)Uˆ−15 ∣∣X5〉
=
∫ 2πR5
0
dX5
〈
X5
∣∣ fˆ(Xˆ4, Xˆ5 + 2πR5) ∣∣X5〉
=
∫ 2πR5
0
dX5
〈
X5
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X5〉
= Tr
(
fˆ(Xˆ4, Xˆ5)
)
.
On the other hand, the target operators fˆ are quasiperiodic with respect to the X4-
direction. Since the unitary operator for the quasiperiodicity Ωˆ4 is written by Xˆ
5 (Ωˆ4 is
also periodic with respect to the X5-direction), then
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∫ 4πR4
2πR4
dX4
〈
X4
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X4〉 = ∫ 2πR4
0
dX4
〈
X4 + 2πR4
∣∣ fˆ(Xˆ4, Xˆ5) ∣∣X4 + 2πR4〉
=
∫ 2πR4
0
dX4
〈
X4
∣∣ Uˆ4fˆ(Xˆ4, Xˆ3)Uˆ−14 ∣∣X4〉
=
∫ 2πR4
0
dX4
〈
X4
∣∣ Ωˆ4fˆ(Xˆ4, Xˆ5)Ωˆ−14 ∣∣X4〉
=
∫ 2πR5
0
dX5
〈
X5
∣∣ Ωˆ4fˆ(Xˆ4, Xˆ5)Ωˆ−14 ∣∣X5〉
= Tr
(
fˆ(Xˆ4, Xˆ5)
)
,
where we used the equivalence (49) in the fourth line.
For general gauge transformations Uˆ , we can show the equivalence between before and
after the gauge transformations if we assume the existence of the completeness relation
of Uˆ . Therefore, the cyclic property of the trace is held, at least, for the gauge transfor-
mations. Therefore, the gauge symmetry of the action (1) is still held. Similarly, we can
verify that all traces defined by the appropriate completeness relation are equivalent.
• Yukawa couplings
In the following, for simplicity, we consider the magnetic fluxes break the gauge group
U(N) →
∏3
a=1 U(Na), where
∑3
a=1Na = N to compute the Yukawa couplings. The
background gauge field is obtained by
Aˆ4(Xˆ
5, Xˆ5) = 0, Aˆ5(Xˆ
4, Xˆ5) =

F1Xˆ41N1 0 00 F2Xˆ41N2 0
0 0 F3Xˆ41N3

 ,
where Fi (i = 1, 2, 3) satisfies (39) and 1Ni is the Ni ×Ni identity matrix.
We should consider a sign assignment of the magnetic fluxes. In the following, we
select F23,F21,F13 > 0 (This implies s23, s21, s13 = +1 and N23,N21,N13 > 0). This sign
assignment is justified by the relation F12 + F23 + F31 = 0.
The component of the zero-mode fermions corresponding the above sign assignment
is obtained by
ψˆ =
(
ψˆ+
ψˆ−
)
, ψˆ+ =

const. 0 ψˆ+13,iψˆ+21,j const. ψˆ+23,k
0 0 const.

 , ψˆ− = ψˆ+,†,
23
where i, j and k denote the degeneracies and const. = 1ˆ (corresponds to the wavefunctions
of the gauginos in the commutative case). The lightest mode bosons have the same matrix
structure with the (anti-) chiral zero-mode fermions.
Let us denote by Φab,I (a, b = 1, 2, 3) the (a, b) block component of the zero-mode
fermions or the lightest mode bosons since their function form is the same. In the action
(1), the Yukawa couplings are described as the product of three matrices, i.e.,
YIJK := Tr
(
Φˆ†23,K · Φˆ21,I · Φˆ13,J
)
. (50)
First, we focus on the product Φˆ21,I · Φˆ13,J . If operators commute each other, these
operators can be regarded as c-numbers. This allows us to use convenient formulas. From
eq. (46), this product can be written by
Φˆ21.I · Φˆ13,J =
√
2π|F21F13|
|F23|
C21C13
C23
×
∑
m∈Z|N21|+|N13|
Φˆ23,I+J+|N21|m × ϑ
(
|N13|I−|N21|J+|N21||N13|m
|N21N23N13|
0
)(
0, i
R4
R5
|N21N23N13|
)
,
where we used s21, s13 = +1 and the product formula of the Jacobi theta-function [18]
ϑ
[
r1
N1
0
]
(z1, τN1) · ϑ
[
r2
N2
0
]
(z2, τN2) =
∑
m∈ZN1+N2
ϑ
[
r1+r2+N1m
N1+N2
0
]
(z1 + z2, τ(N1 +N2))
× ϑ
[N2r1−N1r2+N1N2m
N1N2(N1+N2)
0
]
(z1N2 − z2N1, τN1N2(N1 +N2)).
On the other hand, the orthogonality of Φˆab,I is assured in the above result. Therefore,
the Yukawa couplings (50) is obtained by
YIJK =
√
2πA
R5
·
I23
I21I13
ϑ
(
1
|N21|
(
K
|N23|
− J|N13|
)
0
)(
0, i
R4
R5
|N21N23N13|
)
, (51)
where we assume ∃m ∈ Z|N21|+|N31| such that K = I + J + |N21|m.
The Yukawa couplings (51) differ from the commutative case (c.f., [7]) by the overall
factor only if we fix the generation numbers N23,N21 and N13. On the other hand, we
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can confirm that the Yukawa couplings (51) go back to the commutative case in the limit
θ45 → 0 since the normalization constant goes back to the commutative case7. However,
the limit θ45 → 0 is non-trivial since the NC parameter θ45 remains in the Yukawa
couplings, c.f., Γ˜i := θijΓj in eq. (A.9).
6 Conclusions and discussions
In this paper, we performed the analysis of the chirality and the generation structures
on the magnetized NC torus based on the IKKT model. In subsection 4.2, we proposed
the suitable Dirac operator on the NC torus by considering noncommutative geometry.
In section 5, we analyzed the zero-mode solutions of the Dirac operator we proposed.
We showed that zero-mode solutions have the chirality and the generations structures.
In addition, we computed the Yukawa couplings of chiral matter fields. Compared with
the commutative case, the difference of the Yukawa couplings is the overall factor only.
Advantages of our method are (i) we can consider geometric conditions such as periodic
boundary conditions (ii) we can write down the analytic form of zero-mode solutions
which can easily be compared with the commutative case. This is important to observe
NC effects from the IKKT model.
When we consider the microscopic world, we compute the physical quantities through
functions on spacetime like wavefunctions. On the other hand, in noncommutative ge-
ometry, we consider a function algebra on a certain space which has a NC product. For
example, the star-product is a NC product in the context of deformation quantization. In
the relationship between analytical mechanics and quantum mechanics, this corresponds
to the replacement of the coordinate of the phase space by operators. Therefore, in the
sense of noncommutative geometry, we can admit that the chirality and the generation
structures of our zero-mode solutions have the physical meanings even though zero-mode
solutions are written by the operators.
From a Phenomenological point of view, our results may not be new because the
7The normalization constants are slightly different between the commutative case and our case. This
is because the integral of 1 is normalized to obtain the area of the torus in the commutative case. In
our case, the integral of 1ˆ is normalized by considering the analogy of quantum mechanics (15). This
normalization is natural from the viewpoint of the NC torus without magnetic fluxes. Therefore, if we
consider the integral of 1 is normalized to obtain 1 in the commutative case, the normalization constants
are the same between the commutative case and our case.
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difference of the Yukawa couplings is the overall factor only. However, the important
point of this paper is that the IKKT model can describe the string-motivated model
including the NC effect. The IKKT model is considered as a non-perturbative formulation
of superstring theory. Therefore, we expect that the IKKT model should describe the
results of string-motivated models known so far. From this point of view, our results are
important.
We are interested in generalizations: orbifolds, complex structure + Wilson line and
the origin of the magnetic flux.
The toroidal orbifolds are typical models in string phenomenology. In magnetized
toroidal orbifolds, the generation structure differs from the toroidal compactifications
without orbifold projections. In Refs. [19, 20], the NC toroidal orbifolds are considered.
On the other hand, in general, the Yukawa couplings in the toroidal compactifications
are functions of the complex structure moduli and the Wilson lines. Therefore, the values
of the complex structure moduli and the Wilson lines are important to compare with the
observed values (c.f., [21]). Our results correspond to the case whose complex structure
τ is τ = iR4/R5. We can consider the complexification when we introduce the basic
derivations. We expect that the Yukawa couplings on the magnetized NC torus are
obtained by the general complex structure τ instead of τ = iR4/R5 and the overall factor
including τ .
In our results, the magnetic flux played an important role. However, we introduced
the magnetic flux by hand. We expect that the magnetic flux is also generated from the
dynamics of the IKKT model. Recently, in Refs. [22, 23], the authors showed that the
magnetic flux may come from the tachyon condensations induced from the dynamics of
D-branes and non-BPS D-branes. We expect that our results can be described by the full
dynamics of the IKKT model.
• Gauge selection
In this paper, we selected the axial gauge (35). Our method, especially the ansatz of
the zero-mode solutions which are similar to the Fourier transformation, depends on the
gauge selection. Therefore, we should confirm the gauge invariance of our results.
In the commutative case, the background gauge field with the fixed magnetic flux F
is obtained by
26
A4 = −tFx
5, A5 = (1− t)Fx
4,
where t ∈ [0, 1]. We can realize the gauge transformation from ∀t1 to ∀t2 by U =
exp [iF (t2 − t1)x4x5].
On the other hand, the background gauge field on the NC torus with the fixed magnetic
flux F is obtained by
Aˆ4 = −tFXˆ
5, Aˆ5 = (1− t)FXˆ
4,
where t ∈ [0, 1]. We expect that the gauge transformation from ∀t1 to
∀t2 by the unitary
operator, at least, Uˆ = exp
[
iα(Xˆ4Xˆ5 + Xˆ5Xˆ4)
]
, where α ∈ R. However, we can find a
condition such that
(1− t1θ
45F)(1 + (t1 − 1)θ
45F) = (1− t2θ
45F)(1 + (t2 − 1)θ
45F) for all α ∈ R. (52)
If we fix the starting point t = t1, then t2 must be t1 or 1− t1 since eq. (52) is a quadratic
equation with respect to the t2. We need to confirm whether the gauge transformations
from ∀t1 to
∀t2 exist. This situation is the same with a gauge theory on a NC space with
the star-product formulation. This is an open question. If we cannot find, different gauge
backgrounds may correspond to physically different theories.
• The limit: θ45 → 0
The zero-mode solutions (44) and (46) become those of the commutative case if we con-
sider the limit θ45 → 0 and assume the operators (Xˆ4, Xˆ5) correspond to the coordinate
on the torus (x4, x5). In addition, the Yukawa couplings (51) are the same with the com-
mutative case in this limit. However, from the discussion in Ref. [15] (or Appendix A),
the NC parameter remains in the effective action, e.g., the effective metric. Therefore, in
terms of the effective action, the limit θ45 → 0 is non-trivial. This is also an open question
for us.
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Appendix
A Effective action of the IKKT model
We derive the effective action of the IKKT model by considering eq. (28). We refer to [7]
for the basic techniques. In this Appendix, we consider the whole spacetime again.
The action of the IKKT model is
S = −
1
g2
Tr
(
1
4
[XˆM , XˆN ][Xˆ
M , XˆN ] +
1
2
¯ˆ
ψΓM [XˆM , ψˆ]
)
, (A.1)
where M,N = 0 ∼ 9. First, we consider the bosonic part of the action (A.1), i.e.,
Sb = −
1
4g2
Tr
(
[XˆM , XˆN ][Xˆ
M , XˆN ]
)
(A.2)
We introduced the gauge field as a fluctuation (28). By substituting,
Sb = −
1
4g2
Tr
(
ηIKηJL[Xˆ
I
bg + θ
IM AˆM , Xˆ
J
bg + θ
JM AˆM ][Xˆ
K
bg + θ
KNAˆN , Xˆ
L
bg + θ
LN AˆN ]
)
.
(A.3)
For concreteness, we consider the U(N) gauge group. (Ua)
i
j = δaiδaj and (eab)ij = δaiδbj
can be selected as the basis of the Lie algebra. Accordingly, the trace of the action (A.3)
is defined on the operator space and the gauge group. Then, we can expand the gauge
field and the fermions in the adjoint representation as
AˆM = BˆM + WˆM = Bˆ
a
MUa + Wˆ
ab
M eab,
ψˆ = χˆ+ Ψˆ = χˆaUa + Ψˆ
abeab. (A.4)
Let us define
∂M = −i(θ
−1)MN [Xˆ
N
bg, ·] (Partial derivatives),
FˆMN = ∂M BˆN − ∂NBˆM − i[BˆM , BˆN ] (Field strength of the U(1) gauge group),
DMWˆN = ∂MWˆN − i[BˆM , WˆN ] (Covariant derivatives with respect to the U(1) gauge group),
GMN = θMIθNJηIJ (Effective metric),
28
then eq. (A.3) is rewritten as
Sb =
1
4g2
Tr
((
FˆMN − (θ
−1)MN
)(
FˆMN − (θ−1)MN
)
− [WˆM , WˆN ][Wˆ
M , WˆN ]
)
+
1
2g2
Tr
(
DMWˆND
MWˆN −DMWˆND
NWˆM − i( ˆFMN − (θ
−1)MN)[Wˆ
M , WˆN ])
)
,
(A.5)
where the indices are contracted by the effective metric, and we used the cyclic property
of the trace.
Next, we introduce the Abelian magnetic flux on the extra-dimensional space (i = 4, 5),
i.e.,
Bˆai =< Bˆ
a
i > +Cˆ
a
i , Wˆ
ab
i = Φˆ
ab
i , (A.6)
where Cˆai and Φˆ
ab
i are fluctuations around the Abelian magnetic flux background (we set
< Wˆ abi >= 0). By substituting the background (A.6), eq. (A.3) is rewritten as
Sb = −
1
2g2
Tr
(
ΦˆiDµD
µΦˆi + ΦˆjD˜iD˜
iΦˆj
)
−
i
2g2
(
< Fˆ aij > − < Fˆ
b
ij >
)
Φˆi,abΦˆj,ba + Sb,other,
(A.7)
where
D˜iΦˆ
ab
j := ∂iΦˆ
ab
j − i < Bˆ
a
i > Φˆ
ab
j + iΦˆ
ab
j < Bˆ
b
i >,
and we used the cyclic property of the trace. Sb,other contains irrelevant terms for our
main discussions.
In eq. (A.7), we can see the Laplacian on the extra-dimensional space, i.e.,
∆6d := −G
ijD˜iD˜j =
∑
i
[Xˆ i, [Xˆ i, ·]]. (A.8)
Similarly, we can obtain the fermionic part of the effective action
Sf = −
1
2g2
Tr
(
i
¯ˆ
ΨΓ˜µDµΨˆ + i
¯ˆ
ΨΓ˜iD˜iΨˆ +
¯ˆ
ΨΓ˜i[Φˆi, Ψˆ]
)
+ Sf,other, (A.9)
where the indices are contracted by the Minkowski metric and Γ˜µ := θµνΓν , and Sf,other
contains irrelevant terms for our main discussions.
29
References
[1] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, “A Large N reduced model as
superstring,” Nucl. Phys. B 498 (1997) 467. [hep-th/9612115].
[2] A. Chatzistavrakidis, H. Steinacker and G. Zoupanos, “Intersecting branes and
a standard model realization in matrix models,” JHEP 1109 (2011) 115.
[arXiv:1107.0265 [hep-th]].
[3] H. C. Steinacker and J. Zahn, “An extended standard model and its Higgs geometry
from the matrix model,” PTEP 2014, no. 8 (2014) 083B03. [arXiv:1401.2020 [hep-
th]].
[4] H. Aoki, J. Nishimura and A. Tsuchiya, “Realizing three generations of the Stan-
dard Model fermions in the type IIB matrix model,” JHEP 1405, 131 (2014)
[arXiv:1401.7848 [hep-th]].
[5] H. Aoki, J. Nishimura and Y. Susaki, “Finite-matrix formulation of gauge theories
on a non-commutative torus with twisted boundary conditions,” JHEP 0904 (2009)
055. [arXiv:0810.5234 [hep-th]].
[6] A. Connes, M. R. Douglas and A. S. Schwarz, “Noncommutative geometry and matrix
theory: Compactification on tori,” JHEP 9802 (1998) 003. [hep-th/9711162].
[7] D. Cremades, L. E. Iba´n˜ez and F. Marchesano, “Computing Yukawa couplings from
magnetized extra dimensions,” JHEP 0405 (2004) 079. [hep-th/0404229].
[8] P. Austing and J. F. Wheater, “The Convergence of Yang-Mills integrals,” JHEP
0102 (2001) 028. [hep-th/0101071].
[9] P. Austing and J. F. Wheater, “Convergent Yang-Mills matrix theories,” JHEP 0104
(2001) 019. [hep-th/0103159].
[10] A. Konechny and A. S. Schwarz, “Introduction to M(atrix) theory and noncommu-
tative geometry,” Phys. Rept. 360 (2002) 353. [hep-th/0012145].
[11] J. Dixmier, “Repre´sentations irre`ducibles des alge`brs de Lie nilpotentes”, An. Acad.
Brasil. Ci 35 (1963) 491-519.
30
[12] D. Quillen, “On the endomorphism ring of a simple module over an enveloping alge-
bra” Proc. Amer. Math. Soc. 21 (1969) 171-172.
[13] M. A. Rieffel, “Projective modules over higher-dimensional non-commutative tori”,
Can. J. Math. Vol.XL No.2 (1988) 257-338.
[14] Y. Tenjinbayashi, H. Igarashi and T. Fujiwara, “Dirac operator zero-modes on a
torus,” Annals Phys. 322 (2007) 460. [hep-th/0506259].
[15] H. Steinacker, “Emergent Gravity from Noncommutative Gauge Theory,” JHEP
0712 (2007) 049. [arXiv:0708.2426 [hep-th]].
[16] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP
9909 (1999) 032. [hep-th/9908142].
[17] J. Nishimura and A. Tsuchiya, “Realizing chiral fermions in the type IIB matrix
model at finite N,” JHEP 1312 (2013) 002. [arXiv:1305.5547 [hep-th]].
[18] D. Mumford, Tata lectures on theta I, Birkha¨user, Boston, 1983.
[19] A. Konechny and A. S. Schwarz, “Compactification of M(atrix) theory on noncom-
mutative toroidal orbifolds,” Nucl. Phys. B 591, 667 (2000) [hep-th/9912185].
[20] S. Walters, “Toroidal orbifolds of Z3 and Z6 symmetries of noncommutative tori,”
Nucl. Phys. B 894, 496 (2015).
[21] H. Abe, T. Kobayashi, H. Ohki, A. Oikawa and K. Sumita, “Phenomenological as-
pects of 10D SYM theory with magnetized extra dimensions,” Nucl. Phys. B 870,
30 (2013) [arXiv:1211.4317 [hep-ph]].
[22] T. Asakawa and S. Matsuura, “Spherical D-brane by Tachyon Condensation,” PTEP
2018, no. 3, 033B01 (2018) [arXiv:1703.10352 [hep-th]].
[23] T. Asakawa, G. Ishiki, T. Matsumoto, S. Matsuura and H. Muraki, “Commutative
Geometry for Non-commutative D-branes by Tachyon Condensation,” PTEP 2018,
no. 6, 063B04 (2018) [arXiv:1804.00161 [hep-th]].
31
